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Background
—
General Relativity is a theory of gravity that varies distances to describe space-time. The 
fundamental entity which determines how gravity acts on objects is the metric—a 
4-dimensional rank-2 tensor defined at every point in space. The tensor determines the 
distance between two objects; the larger the metric between two points, the larger the 
distance between them. Or, given a metric g and a path x(t) we have
For ease of calculation, we typically split the metric into two parts: the flat Minkowski 
metric η and the variance h, or g = η + h. The metric is affected by concentrations of energy 
such as moving masses or electromagnetic fields. 
If the masses or E&M fields are oscillating in time, then they produce waves. These waves 
die off as 1/r and can be detected at the LIGO laboratories. The most common source of 
these waves that are strong enough for us to detect are colliding black holes and neutron 
stars. However, theory permits other sources, such as a toroidal current, known as an 
anapole. 
The standard way to characterize radiation is with multipole moments. The multipole 
expansion characterizes the energy distribution as the superposition of canonical energy 
distributions. For general relativity, the primary term to consider is the quadrupole term. 
This term gives the 3-by-3 rank 2 tensor Q which, if correctly manipulated, gives the 
radiation.
Assumptions
—
In order to use the linear Einstein equations, we need to 
make assumptions which linearize the field equations. The 
Einstein equations are linear in the limit where the metric 
approaches the Minkowski metric. This will occur if the 
velocity is much less than the speed of light. 
Furthermore, we take the metric in the far-field limit 
where we can assume that all terms which die off faster 
than 1/r are negligible.
Results
—
The primary results are the variance to the metrics for the mass and charge current. We let 
the major radius of the torus be a0, and the minor radius be b0. The angular frequency is ⍵, 
with ⍴ u and B constants determining the density, speed and magnetic field respectively. 
For the mass current, we get:
and for the charge current, as long as we make the assumption a0≫b0, we get:
Theses metrics result in the following contractions and expansions of space.
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For a mass distribution (left), and a magnetic field (right), T00 
is 
where ẟ is the dirac delta function and ᶕ is the Lorentz factor.
We proceed by finding the quadrupole moment of the energy 
distributions. The quadrupole moment is defined to be
Once we have the quadrupole moment, its second time 
derivative over the radius is proportional to the variance in the 
metric.
The Virgo LIGO facility, 
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Contraction of space due 
to gravitational radiation 
[1,2]
A magnetic anapole, 
from [3]
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For convenience, we will use toroidal coordinates where a0 
determines the major radius, ᶚ determines the azimuthal 
angle, ᶨ determines the polar angle from the central circle 
with radius a0, and b determines the distance traveled in the 
specified direction. While there is degeneracy in these 
coordinates, as long as a0>b0, we don’t encounter any 
problems.
Right: x-z contraction for the 
magnetic anapole.
